We prove that every polynomial P (x) = 1 + a 1
Introduction
Given two integers d and r satisfying 1 ≤ r ≤ d, let P d,r be the set of polynomials of degree at most d with constant coefficient 1 which have a root at x = 1 of multiplicity at least r, namely, Note that in Theorem 1.1 there is no restriction on the first s coefficients of P . Selecting α = 0 we immediately obtain the following estimate of r in terms of d and H * (P ).
Corollary 1.2.
For each ε > 0 there are positive constants c 1 (ε), c 2 (ε) such that if P ∈ P d,r with H * (P ) > c 1 (ε) and d/ log H
By an old result of Schur [22] , the number of real roots of the polynomial P (x) =
Assume without loss of generality that
with the same number of real roots). Dividing all the coefficients of P by a 0 , we deduce
Hence the number of real roots of
does not exceed 2 d log(1 + dH * (P )). In [19] Littlewood and Offord gave a simple proof of Schur's result and Szegő showed in [23] that Schur's estimate is sharp. In particular, Shur's result implies that the order of zero of P at x = 1 does not exceed the same quantity, namely,
For polynomials with integer coefficients this problem have been considered by Bombieri and Vaaler [3, 4] . They use the fact that every integer polynomial vanishing at 1 with high multiplicity also vanishes at pth roots of unity for small primes p. Using this approach Amoroso [1] replaced the constant 2 in (1.4) by the constant (
is sufficiently large (and P is an integer polynomial). In [11] we proved inequality ( [5, 6] which allowed them to remove the second d in (1.4) for general (complex) polynomials P satisfying H * (P ) ≥ 1.
Polynomials with integer coefficients of height at most H which have zeros at 1 of high multiplicity have been constructed in [1] [2] [3] 8] . The best lower bound
results have many applications in Diophantine analysis and in other areas; see, e.g., [7, 10, 12-14, 16, 17] . The next result tests the sharpness of (1.3). It shows that there are polynomials with real coefficients which have high multiplicity of zero at x = 1 with respect to their degree and L 2 -norm.
Theorem 1.3. For any integers d and r satisfying
where
This further yields
3) cannot be replaced by a constant smaller than 2 √ 2/π = 0.9003 . . . as in (1.6). Finally, let κ 2 (d, L) be the largest possible value of r for which there is a poly-
Observe that the polynomial 1
We now evaluate the constants c 1 , c 2 and show the following.
Here, 2/π = 0.6366. . . and π/2 = 1.2533. . . . The lower bound of Theorem 1.4 follows immediately from (1.
In the next section we shall give some auxiliary results related to Chebyshev polynomials. In Secs. 3 and 4 we prove Theorems 1.3 and 1.1, respectively. The proof of Theorem 1.4 will be completed in Sec. 5 when we shall prove the upper bound on κ 2 (d, L). 
Chebyshev Polynomials
Let T m (x) := (x + √ x 2 − 1) m + (x − √ x 2 − 1) m 2 = m/2 k=0 m 2k x m−2k (x 2 − 1) k (2.
Lemma 2.1. For any real numbers M, a > 0 and any ∈ N there is a polynomial
is a polynomial of degree m − 1 with real coefficients, since T m (x m ) = 0. In view of T m (cos t) = m sin(mt)/sin(t) for 0 < t < π (see (2.2)) and (2.3), its constant coefficient, g(0), is equal to
We claim that
for each m ∈ N. Indeed, put x := π/(4m) and λ := 2/ √ π − 1. Observe that the function
derivative is negative for 0 < x < π/4. Hence y(x) > 0 for each x in the interval (0, π/4), which completes the proof of the claim. Therefore, selecting
Clearly, h is a polynomial with real coefficients of degree
Finally, as in [15] , using the fact
which completes the proof of the lemma. 
of degree m is monic. Therefore, by replacing x by (z + z −1 )/2 and multiplying the resulting polynomial by (2z) m , we find that
is a monic reciprocal polynomial of degree 2m with a double root at z = 1 and m − 1 pairs of complex conjugate roots on the circle |z| = 1. Since
for each z of modulus 1, where equality holds for some z, we deduce that
.
Let Q 2m−1 (x) be the polynomial reciprocal to P 2m (x)/2m, namely,
Then Q 2m−1 has a zero at x = 1, Q 2m−1 (0) = 1 and deg Q 2m−1 ≤ 2m − 1. Furthermore,
, since f = n f /2 for each polynomial f of degree n with n roots on the unit circle. (The last equality is a particular case of the Erdős-Lax theorem [18] ; see also [20, 21] for further results on this topic. By [21, Theorem 7] , equality f = n f /2 also holds for self-inversive polynomials.) It follows that the polynomial .
, whence the result. 
which exceeds the right-hand side of (4.2). This proves (4.2). Now, in view of (4.1) and (4.5) it remains to show that
Indeed, by (1.1) and (4.4), we see that
By Lemma 2.1,
Since s given in (1.1) is large enough, we can further bound this from above by
This proves (4.6) and thus completes the proof of Theorem 1.1.
Proof of Theorem 1.4
As we already remarked in Sec. 1, the lower bound of the theorem follows immediately from (1.6). Now we shall prove the upper bound of the theorem. Take
Here g(x) = g m (x) is given in (2.5) with m as in (2.6) (where = 2 and a = d),
Below, we will show that for the polynomial f (x) the inequality 
Consequently,
for L large enough. This proves (5.1) and thus completes the proof of the theorem.
